Abstract-We propose a stochastic modeling framework for light-weight objects floating in flows. Realistic and turbulent motions are conveniently provided for real-time animation or gaming environment, which is achieved by utilizing a stochastic differential equation (SDE) to model the momentum change of the objects. The model incorporates adaptive random fluctuation by adopting physical turbulence models computed from a pre-generated flow field. This base flow defines the major route of a light-weight object. Meanwhile, the jiggling behavior is implemented as a SDE-modeled random process on-the-fly, which enables very fast computation and easy control. These features are critical to integrate such natural phenomena into interactive 3D animation applications, which was previously hindered due to the conflict between limited computational resources and high-cost numerical simulation.
I. INTRODUCTION
Light-weight objects streaming inside a flow play a significant role in the liveliness of our world. In general, the floating objects travel following the flow and show complex and oscillating motion trajectories. First, animators usually employ a simple approach adding random noise to the streaming path of floating objects. However, this method yields a low-quality floating motion, since the random noise does not take into account the spatial and temporal distribution of underlying flow turbulence. For instance, this approach cannot easily create obstacle-induced oscillation of floating objects, which nonetheless, is a major source of their unique motion. Second, floating objects can be considered as passively advected by flow velocities. A critical challenge is that modeling the important jiggling motion requires a very turbulent flow field, which is hard to achieve by a direct numerical simulation (DNS) due to limited computational resources and numerical dissipation. This situation deteriorates severely when realtime performance and interactivity are demanded, such as in a gaming environment. Moreover, floating motion of light-weight objects has intrinsic stochastic nature, i.e., the repeated executions result in nonidentical motions even with the same configuration, which is not achievable with the existing deterministic simulation. Third, adding noise to fluid solvers can introduce chaotic flow velocities (e.g. [1] , [2] ). However, such methods rely on ongoing DNS and apply chaotic addition to the whole fluid domain, which is inefficient in handling a group of floating objects inside.
To overcome the drawbacks, we novelly model the movement of light-weight floating objects as a random process, which is resolved by a stochastic differential equation (SDE). First, a base flow of main stream can be pre-generated by animator's special design, or with an affordable simulation on-the-fly. Then, the random process introduces necessary stochastic fluctuation to object trajectories with very fast computation by avoiding costly high-resolution simulations. Moreover, the SDE models preferred jiggling behavior adaptively. That is, the floating matters adaptively show placid motion along a quiet flow, while behave in a chaotic manner in unsteady regions. The location and intensity of such fluctuation are determined by a turbulence model, which measures the "physically estimated" turmoil from the base flow, and can be managed by an animator easily. In particular, a Langevin SDE is employed and extended to compute the momentum change of a light-weight object, which has a solid physics background in modeling "random walks" of objects, and has been widely used in physics and other fields. This SDE is integrated with a two-equation k − ε transport model. All these models are explicitly solved by finite difference schemes for each object, with minimal programming effort and very fast speed. 
II. RELATED WORK
A variety of approaches for modeling the interaction of flow with leaves, trees, grass, and human hair have been proposed [3] , [4] , [5] . In particular for floating objects, Wejchert and Haumann [6] develope an aerodynamic model for simulating leaves in a wind field. Chen et al. [7] use a CFD solver to generate a flow field and construct empirical particle models for a traveling vehicle. Saltvik et al. [8] combine a CFD solved flow with a falling snow model. Wei et al. [9] create a flow with the lattice Boltzmann method (LBM) and model the wind-object interaction of bubble and feather. In these methods, the dynamics of floating objects is determined by the flow simulations. In contrast, we utilize stochastic equations to model the turbulent motion of lightweight objects, with a low cost base flow. Modeling the random oscillation, Kim et al. [10] apply a random path for dispersive bubbles through a simple heuristic model adopting the Schlick phase function. In comparison, our method utilizes a more physical Langevin SDE, and a wellknown turbulence energy model. Physically modeling fluids typically involves solving the incompressible Navier-Stokes (NS) equation [11] . The method cannot model very turbulent behavior which demands excessive computation and random variation. Some approaches propose graphical animations by coupling synthetic noises with a low-cost simulator (e.g., [12] , [1] , [13] ). These methods involve coupling turbulence models with the simulation. The added stochastic fluctuation is tightly bound to the simulated field at each step in the whole domain. In contrast, our method imposes stochastic agitation on individual floating object with a special SDE providing self-adjusted oscillation behavior, and the agitation is separated from evolving flows. Pfaff et al. [2] solve a turbulence model on particles combining the simulated flow with noise fields. It depends on full-domain noise texture synthesis and special texture advection. Our method, in contrast, regards the floating object motion as a random Markov process. It has no need to seek help from noise textures.
The floating objects to be modeled are suspended and liberally move inside a fluid domain. Heavy computational burden hinders the applicability of costly high-resolution fluid simulation to model the flow field. In fact, the stateof-the-art fluid solvers still cannot achieve random turbulent effects directly, so that fluid physicists are actively seeking to better understand and simulate flow turbulence [14] . Our method is designed to model the stochastic behavior of light-weight objects, which exhibit placid or jiggling motion depending on the underlying flow features. Based on a pre-generated base flow, we employ a turbulence model to measure chaotic fluctuation.
In [14] :
Here, P is the production of the turbulent energy. C ε1 and C ε2 are empirical parameters.
The turbulent energy, k, is an unknown physical attribute from a low-cost simulation of U. However, it can be estimated from U. A popular approach is the turbulentviscosity hypothesis, in which P is defined according to the mean rate of flow strain:
where the strain tensor
ν t is the turbulent viscosity that is defined as ν t = C µ k 2 /ε, with a constant C µ = 0.09.
Each floating object is given two turbulence attributes, k and ε, to represent the kinetic energy and dissipation rate at its location x. Eqn. 1, 2 and 3, are explicitly solved with temporal finite difference. Here, the advection term, U∇k, is implicitly implemented by the object motion.
IV. STOCHASTIC OBJECT MOTION
The computed turbulent energy, representing the agitation to floating objects, is employed to influence the trajectory of these objects in a SDE. Langevin described the random movement of a suspended particle by a well-known SDE (i.e., differential equation with components of random processes), the Langevin equation [14] :
where v t and x t are the velocity and position, respectively, of the particle with mass m. γ is the friction coefficient. A stochastic component ψ t is implemented as a standardized Gaussian random variable in vector format [14] . The Langevin SDE does not take into account an underlying inhomogeneous turbulent flow, which was extended to a generalized form [14] :
where the base flow velocity U t is introduced to represent the global flowing effects, the pressure gradient − ∂P t ∂x plays the role of friction. ω and ε are the measurement at time t from the k − ε model, which are used to agitate particles according to the estimated turbulence. This is a pivotal solution that makes it possible to model desirable fluctuation without seeking to costly ongoing DNS solvers. In particular, the term −C γ ω(v t − U t ) is a relaxation process that models the convergence of the agitated particle velocity towards the mean flow U t . The last term √ C 0 εψ t introduces random fluctuation by the stochastic variable ψ t , which is controlled by the dissipated energy from the base flow.
Light-weight floating objects move inside a turbulent flow in an approximate way to the aforementioned suspended particles. Therefore, we utilize the SDE Eqn. 6, and modify it for modeling floating objects in graphical animations. In this case, the air friction does not obviously affect floating behavior, so that we ignore the pressure-gradient term. Please note that the pressure term in NS equation is still normally handled in fluid solver. Furthermore, the random agitation is controlled by ε in Eqn. 6, which models the energy removed (i.e., dissipated) from the flow and transferred to the particles. As we model the floating objects, their turbulent behavior should be controlled by the turbulent kinetic energy, k, of the flow. As a result, the SDE used in our method becomes:
where F is the body force such as gravity and buoyancy. Two control parameters, C l1 and C l2 , are employed to provide easy and meaningful control to animators in interactive applications. The SDE has a unique relaxation process related to the inertial motion of objects. Consequently, it creates smooth traces (e.g., like a spiral) while simple random addition leads to jiggered velocity change. In general, this extended SDE models the Onrstein-Uhlenbeck (OU) process, which is a powerful mathematic tool used in different applications (the original Langevin equation is a case for fluid particles). We believe floating oscillation can be approximately modeled as such an OU process for computer animations, which is indeed a key contribution of this paper. Load position xt and velocity vt 7:
Read base velocity Ut at xt 8:
Compute kt and εt by Eqn. 1-4 9:
Compute new velocity v t+1 by Eqn. 7 10:
Update position x t+1 by Eqn. 5 11:
end for 12:
Floating objects management 13:
Output and render 14: t = t + 1 15: end while
V. IMPLEMENTATION AND RESULTS
The computational algorithm underlying our modeling of floating objects involves easy programming, as described in Algorithm 1. A key input is the stochastic variable ψ t , which is a sequence of Gaussian distributed random vectors. We utilize Bell's algorithm [15] to generate three independent random scalars with zero mean and deviation one, and then construct the needed vector-valued variables. The management of objects includes adding new objects, removing objects out of the domain, and other applicationrelated operations.
The method provides several control parameters for animators to adjust floating behavior flexibly. In the turbulence assessment, ε (Eqn. 2) is empirically given with C ε1 = 1.44 in physics [14] . Meanwhile, C ε2 plays a significant role in determining turbulence energy distribution. With a large C ε2 , the produced k, e.g., around an internal obstacle, can propagate to locations far from the obstacle. As a result, the modeled objects show fluctuated trajectories in a long time after interacting with the obstacle. In contrast, smaller C ε2 values limit the oscillation of these objects in a vicinity of the obstacle. C l1 and C l2 , in Eqn. 7 can control different floating behaviors. C l2 models the intensity of random agitation, a large value of which results in strong fluctuation of the objects. C l1 controls the converging speed of oscillation toward the guidance base flow, U t . Increasing C l1 quickly drags the oscillation back to U t , so that the trajectories become consistent with the simulation results.
In Fig. 2 , we show the snapshots of an animation example modeling flying leaves passing a house. A pre-computed stationary wind field with resolution of 128 × 79 × 51 is applied. Fig. 2a displays a snapshot of the leaves flowing along the wind velocity. The leaves follow a regular route and the steady dynamic effects are not acceptable. Fig. 2b uses random noise, where the dynamics becomes unsteady, however, with an unpredicted dispersive propagation. In contrast, our algorithm models fluctuation of the leaves according to wall-induced turbulence with C ε2 = 1.9, C l1 = 1.0 and C l2 = 1.2. As a result (Fig. 2c) , the leaves flow past the roof, climb upwards, and dispersively oscillate to a wide area behind the house. Furthermore, we increase C l2 = 2 to make the leaves behave in a stronger fluctuation and propagate into even wider areas (Fig. 2d) . In this example, we remove those leaves moving out of the simulation domain. The total number of leaves in the scene has a maximal value of 570. Our SDE model creates spiral motion that is not achievable by a pure random noise integration. We make the leaves self-rotating slowly. When a leave hits the boundary of the house, it is bounced back in the mirrorsymmetric direction. Our method can be coupled seamlessly with complex modeling methods of object deformation, collision, rotation, etc. The turbulence model and SDE are solved with straightforward arithmetic computing without introducing significant overhead. The examples run very fast on a desktop with a CPU (Intel Xeon E5620 Dual 2.4 GHz) and 12 GB memory, with an average speed at around 0.9 millisecond per step. The algorithm is also inherently parallel and amenable for GPU acceleration when necessary for a very large amount of objects in complex scenes. More details and animations of these examples are supplied in http://www.cs.kent.edu/∼zhao/floatingobjects.htm.
VI. CONCLUSION
We have shown a new modeling scheme coupling k − ε model and a specified SDE for floating objects inside fluid flows. In the future, we will implement the floating dynamics based on human input or sketch. We will also extend the stochastic model to more graphical missions.
